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Domain-Independent Dynamic Programming (DIDP) 
(Kuroiwa and Beck [ICAPS2023a, ICAPS2023b])

• Model & Solve framework based on dynamic programming (DP) for 
combinatorial optimization (CO)

• Outperformed MIP and CP across several domains in CO problems

Introduction

1Number of instances proved to optimality (Kuroiwa and Beck, 2025)



Reinforcement Learning for Combinatorial Optimization
• RL shares several key structures with DP

• Bellman equation
• State-based transition systems
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Can we guide search in DIDP solvers using reinforcement learning (RL)? 



Domain-Independent Dynamic Programming (DIDP)

• The value function 𝑉 𝑠  is recursively defined at each state 𝑠 ∈ 𝑆

• Optimal cost is 𝑉 𝑠0 , where 𝑠0 is the initial state 

Background
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Combinatorial Optimization
Traveling Salesperson Problem (TSP)
• Minimize the total traveling distance, visiting all customers
• Start at the depot (index 0) and return to the depot
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Combinatorial Optimization
Traveling Salesperson Problem (TSP)
• Minimize the total traveling distance, visiting all customers
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DP Model for TSP

If 𝑈 = ∅

𝑉 𝑈, 𝑖 = ቐ  

compute 𝑉 𝑁 ∖ 0  , 0

State variables:
• 𝑈: unvisited customer set
• 𝑖: current location

Constants
• 𝑁: set of customers 0 … 𝑛 − 1
• 𝑐𝑖𝑗: distance from customer 𝑖 to 𝑗

Return to depot (Base case)

Visit customer 𝑗 (Transition)min
𝑗∈𝑈

(𝑐𝑖𝑗 + 𝑉 𝑈 ∖ 𝑗 , 𝑗 ) 
𝑐𝑖0 

If 𝑈 ≠ ∅

Background

7



DP Model for TSP

If 𝑈 = ∅

𝑉 𝑈, 𝑖 = ቐ  

compute 𝑉 𝑁 ∖ 0  , 0

State variables:
• 𝑈: unvisited customer set
• 𝑖: current location

Constants
• 𝑁: set of customers 0 … 𝑛 − 1
• 𝑐𝑖𝑗: distance from customer 𝑖 to 𝑗

Return to depot (Base case)

Visit customer 𝑗 (Transition)min
𝑗∈𝑈

(𝑐𝑖𝑗 + 𝑉 𝑈 ∖ 𝑗 , 𝑗 ) 
𝑐𝑖0 

If 𝑈 ≠ ∅

Background

7

𝑉(𝑈, 𝑖) ≥ σ𝑗∈𝑈∪{0} min𝑘∈𝑁\{𝑗}𝑐𝑗𝑘 Dual bound function (redundant information)



Find a path by expanding states in the order of 𝑓-values

𝑓-values: (= 𝑔 + ℎ): priority to expand

Heuristic State Space Search
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Expanded node

Node in Open List

ℎ-values: estimated path cost to a base case (dual bound in the current DIDP)

𝑔-values: actual path cost to a state from the initial state
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Good ℎ-values will help quickly find good solutions
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Good ℎ-values will help quickly find good solutions
- A user-defined dual bound function is not necessarily informative
- Can we learn them through RL? 

Expanded node

Node in Open List

𝑔-values: actual path cost to a state from the initial state

ℎ-values: estimated path cost to a base case (dual bound in the current DIDP)



Reinforcement Learning (RL)

RL-based Guidance for DIDP
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Mapping from a DIDP Model to an RL Model
RL model

State variables: 𝑈, 𝑖
• 𝑈: unvisited customer set
• 𝑖: current location

Transition 𝜏
• Visit customer 𝑗 (𝑗 ∈ 𝑈)

• 𝑈 ← 𝑈 ∖ 𝑗 , 𝑖 ← 𝑗 

Transition cost: 𝑐𝑖𝑗

State 𝑠: 𝑈, 𝑖

Action 𝑎: 
Visit customer 𝑗

Reward function:
𝑅 𝑠, 𝑎 = −𝑐𝑖𝑎

DP model

Transition function 𝑇 𝑠, 𝑎 :
Visit customer 𝑗 (𝑗 ∈ 𝑈)

𝑇 𝑈, 𝑖 , 𝑗 = 𝑈 ∖ 𝑗 , 𝑗

Same as DP

𝑎 ← 𝜏

Effect and 
precondition of 𝜏

Negative cost of 𝜏

10
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RL-based Guidance

RL-based Guidance for DIDP
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𝜂: dual-bound function
𝜋† 𝑠−, 𝑎− = 𝜋 𝑠0, 𝑎0 𝜋 𝑠1, 𝑎1 … 𝜋 𝑠−, 𝑎−  

[1]

[2]

[1] Mnih et al., Nature, 2015.
[2] Schulman et al., ArXiv preprint, 2017.



Value-based Guidance

RL-based Guidance for DIDP
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𝜂: dual-bound function
𝜋† 𝑠−, 𝑎− = 𝜋 𝑠0, 𝑎0 𝜋 𝑠1, 𝑎1 … 𝜋 𝑠−, 𝑎−  

[1]

[2]

[1] Mnih et al., Nature, 2015.
[2] Schulman et al., ArXiv preprint, 2017.



Policy-based Guidance

RL-based Guidance for DIDP
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𝜂: dual-bound function
𝜋† 𝑠−, 𝑎− = 𝜋 𝑠0, 𝑎0 𝜋 𝑠1, 𝑎1 … 𝜋 𝑠−, 𝑎−  

[1]

[2]

[1] Mnih et al., Nature, 2015.
[2] Schulman et al., ArXiv preprint, 2017.



RL Training Process

Follow the current policy 𝜋

Instance generation

Solve the instance

Update
 network parameters

Randomly generate an 
instance from a fixed 
distribution

Experience 
replay 
buffer

Add experiences 
𝐸 = 𝑒1, 𝑒2, …  
s.t. 𝑒 = 𝑠, 𝑎, 𝑠′, 𝑟  

Sample 
experiences

13
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• Solvers [Kuroiwa and Beck, ICAPS 2023]

• Complete Anytime Beam Search (CABS) [Zhang 1995]
• Anytime Column Progressive Search (ACPS) [Vadlamudi et al. 2012]
• Anytime Pack Progressive Search (APPS) [Vadlamudi et al. 2016]

15

Experiments

Experiment Settings



• Solvers [Kuroiwa and Beck, ICAPS 2023]

• Complete Anytime Beam Search (CABS) [Zhang 1995]
• Anytime Column Progressive Search (ACPS) [Vadlamudi et al. 2012]
• Anytime Pack Progressive Search (APPS) [Vadlamudi et al. 2016]

• Baselines
• ℎ=0
• ℎ=dual-bound (default implementation)
• ℎ=greedy (problem-specific)
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Result (TSP)
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Result (TSP)

• PPO guidance significantly outperformed other heuristics
• DQN also outperformed the dual-bound guidance except APPS 17

Experiments

CABS ACPS APPS

State Expansions State Expansions State Expansions

Av
er

ag
e 

G
ap

 [%
]

Av
er

ag
e 

G
ap

 [%
]

Av
er

ag
e 

G
ap

 [%
]

Best-known solution for 𝑖Solution cost

Average Gap [%] = 1
𝑛

σ𝑖∈𝐼𝑛𝑠𝑡𝑎𝑛𝑐𝑒𝑠
𝑥 𝑖,𝑚,𝑙 −𝑏𝑒𝑠𝑡 𝑖

𝑏𝑒𝑠𝑡 𝑖
× 100

• 𝑥 𝑖, 𝑚, 𝑙  is the solution cost of method 𝑚 for instance 𝑖 up to the node expansion limit 𝑙



TSPTW
• Minimize the travel time to visit all customers within time windows
• Many states can be pruned based on time window constraints

18
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Result (TSPTW)
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Result (TSPTW)

• RL guidance (TSP RL) achieved about the same performance as others including ℎ =  0
• Many states are pruned by time windows –  unpromising transitions are already pruned
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Portfolio

• Maximize profits with budget 𝐵
• For each item 𝑖 ∈ 0 … 𝑛 − 1 , determine whether to invest 𝑖

20

Experiments

∀ 𝑖 ∈ 1 … . 𝑛

(Total cost must be within budget 𝐵)
cost

return

Standard deviation

skewness

Budget:



Result (Portfolio)

• PPO guidance significantly outperforms problem-specific greedy guidance
• DQN guidance also surpassed the dual-bound guidance

21
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Knapsack

• Maximize profits within capacity 𝐶
• For each item 𝑖 ∈ 0 … 𝑛 − 1 , determine whether to take 𝑖

22

RL-based Guidance for DIDP



Result (Knapsack)

• All the heuristic guidance achieved similar performance
• During training, the policies by DQN and PPO rapidly converged to the best-

ratio heuristic (greedy heuristic) 23

RL-based Guidance for DIDP
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Result (Solve-time Performance, CABS)
TSP TSPTW

Portfolio Knapsack
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Result (Solve-time Performance, CABS)
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Future Work

• RL guidance is slower due to longer state evaluation time
• Future work should focus on:

• Reducing state evaluation time

26
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Future Work

• RL guidance is slower due to longer state evaluation time
• Future work should focus on:

• Reducing state evaluation time
• Automating RL model building

26

Conclusion
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Result (Solve Time Performance)

22

Experiments

Bold: lowest average gap for each problem domain and 𝑛
*: optimality was proven
Red: the method achieves a better average gap than h=dual-bound using the same solver



Result (Solve Time Performance)
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Experiments

Bold: lowest average gap for each problem domain and 𝑛
*: optimality was proven
Red: the method achieves a better average gap than ℎ=dual-bound using the same solver



Result (Solve Time Performance, full-result)

23
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Future Idea: General Mapping from DIDP to RL
• DyPDL model has a natural graph representation
• Given DyPDL model may be represented as a heterogeneous hypergraph

24

Future Idea

TSPTW



Mapping from a DP Model to an RL Model



Learning Curve



TSP (DP model)

State variables:
• 𝑈: unvisited customer set
• 𝑖: current location

Constants
• 𝑁: set of customers 0 … 𝑛 − 1
• 𝑐𝑖𝑗: distance from customer 𝑖 to 𝑗
• 𝑐𝑗

𝑖𝑛: minimum travel time to 𝑗
• 𝑐𝑗

𝑜𝑢𝑡: minimum travel time from 𝑗



TSPTW (DP model)

State variables:
• 𝑈: unvisited customer set
• 𝑖: current location
• 𝑡: current time

Constants
• 𝑁: set of customers 0 … 𝑛 − 1
• 𝑐𝑖𝑗: distance from customer 𝑖 to 𝑗
• 𝑎𝑗 , 𝑏𝑗 : time window of 𝑗
• 𝑐𝑗

𝑖𝑛, 𝑐𝑗
𝑜𝑢𝑡 : minimum travel time to/from 𝑗

• 𝑐𝑖𝑗
∗ : shortest path from customer 𝑖 to 𝑗



0-1 Knapsack (DP model)

State variables:
• 𝑥: current weight
• 𝑖: current item index

Constants
• 𝐵: budget
• 𝑤𝑖: weight of item 𝑖
• 𝑝𝑖: profit of item 𝑖



Portfolio (DP model)

State variables:
• 𝑥: current weight
• 𝑖: current item index
• 𝑌: set of investments up to 𝑖

Constants
• 𝐵: budget
• 𝑤𝑖: weight of item 𝑖
• 𝜇𝑖 , 𝜎𝑖 , 𝛾𝑖 , 𝜅𝑖: mean, SD, skewness, kurtosis of item 𝑖
• 𝜆1, 𝜆2, 𝜆3, 𝜆4: weights for financial characteristic



Cappart et al. [AAAI 2021]
Each variable corresponds to 
each state in DP

Variable representing the action 
taken at stage 𝑖



Updated Results



Batched State Evaluation

• RL prediction is costly due to the large number of neural network 
parameters and communication overheads between Python and Rust

• The prediction is called every time a new node is expanded

Batched State Evaluation
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• To improve the solve-time efficiency, a batch of states are evaluated 
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Results (CABS with the model dual bound)
TSP TSPTW Portfolio

DQN

PPO

29



Results (CABS with zero dual bound)
TSP TSPTW Portfolio

DQN

PPO
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Discussion

• Batch evaluation significantly improves the solve-time 
efficiency across different domains

• PPO guidance outperformed other heuristics even without using 
dual-bounds in TSP and Portfolio
• Dual-bounds may not provide strong guidance in directing search 

towards better solutions
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Next Steps

• RL guidance is most impactful when heuristic quality plays a critical 
role in determining solution quality

• To test our hypothesis, pick two additional domains, one with a strong 
dual bound and one with a weak dual bound
• Compare the advantage of RL guidance across these contrasting scenarios

• Evaluate RL guidance on TSPTW instances with varying time-window 
ranges
• Time-window range controls the number of states pruned
• Examine how the impact of strong guidance varies with the importance of 

heuristic quality in achieving good solutions
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